ch. 13 \Vector PmaljSl'S _

2A Properties of = Vecter Field:
e el

A vector field assigns & vector +0 each peint

in & space USefful in mode lfnj rforce..s , \fe(oc.l'—{:ie,s) and

—Flows. The éy\% measures a rate O-F ovtwad
£ low from & point (vsedfol for density and c:lnarje)}
wilaile Lhe &)ﬂ!ass.essgs the rotation arovnd a Pai/l'l:
d f[ou.f and Majne%l'sm) . The cmcer{-s
(ds lilkke Fluid dynamics to

(vsefol ia flui
are uufclel:j aiz.]olfe,cl in *f:'e
describe and prediet motren patterns.

A vecter field in 3D is & function F that

assigns & yector +o each point in its domain . |t takes

the .form
-'_:)-‘i' N(XIHJ%)}B-!-K(xffjJ%)—C )

—
F(xiy & ) =M(Xy) 2) 4

where M N, and K are the compenents . A contiruous vector
{;elg has continvous compenents while 2 differertiable

yeckor field has existing partial derivatives for all
componerts.

Vector fl‘@,lds Ye USUSH\Lj COMPU'E9F~3@85"a{:ecl sihce
they are hard to draw IO:j hand . In fluid dynamices t hey
describe fluid flouus . one-dimensional flows Vary in one
direc€ion two-dimensiondl in a Plar)e, , and three -dinersional
i sll directions . A f[o«.u s irrotationsl Irjc its afbul-ar
Ve 'ﬁchj IS 2ero and ro'f:a-f:fonal otherwiSe .
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\rrodational flows are sometimes called poslel,

and rotational ones clrevlar, thouglh these +terms are not

Precfse.
y !
™ ™~ /ﬁT}*\JJ,
o ~ /1T |V
\\\4 S :\bx T X b L o
~ ) < el il
a paralle! flid flow a rotational flow

ln fluid ddﬂamfcs, 2 rflou.; is S—Eeaalj |"f [ts time
Q}di\ra'f:i\les are zeflo , other wise , it s uns-éeaclj..
both irrotational and unsteady.
Gravitations!, eleetrical , and magtetic Vectsr fields
+ In Ph&s[cs . AC@Drclinj to Newdon’s law

the ori‘ém exe(ts @ (jra\ff%:a-{:l‘ona[ force

A flow can be

afe m Por-{:an

a mass M at
o1 & unit mass ot P(xiy1z) given by

= A G m ra N i
F Xy 1) = (:(%3%%’1)3/1 (x i T85+ >
+ . T hrs fffe,lcl Y, direc ted

where © is the 3(‘9\{[—{:&{:{94&[ constan
is known &s & central force field.

toward the origin,

1

\2/
\jz/

\-—-u-._}/é‘//.\
S &JJ

a centec force field
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q .

"

Diuefgéﬂce- O-F a cl{ffe.fm Ltiable vec tor f;’e Id
2 (xiye) = <Plagie),q(xgie), r by >

IS ale,—fl'/le,ci b\\j
- — DX:Q_E__ Sa = .@——C}-« J
divF = Pxt9y + M2 ’ YY)
r%-:. __-Q-E ®
02
\/\—’/ﬂ_/—\—///\//wm/’u
']c +the vector »F:'elcl

£x. Find the olweraence 0

F (g z)=<cos*x s X Y |n(XJ 22) > .
\ = = a ___a__. 4 3 a l X2 121
diwy F = B_X(CDSX> i a:j (X Y )-l'——-—a%[n( Y )]

9_x1312~

L
= &K qud 55 X"g‘%l

il

_sinx #3xTy*+ —2%'—

il

—

= div €

s

CoASiAer ‘the Vec’tor’ ’Fl‘e Id F:(X;j r?_—) st < P/ (1} r >

representing the velocity of & fluid Wi'th__ade’wf'&:j §(x1y,2)
. Fs region R of 3D The ve ctor fn’&ldﬁj sulled the
lux densit and denoted by D, Fefre,_sm-l:s the “wass

Flow " of the liquid.
Assuming Mo oxdernal forces sct on the fluid

L DEs 9f which r‘ePreSgths the continvity ec,ué,_(:,‘m_
ot

whea divD =0 , the

denasity remains Unchanaed Wi

‘flow K inr:-om')ressilal& ,Meaning the
thin & moving volume. .
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i D>0, the Pm‘ﬂ*\: IS & sovrce , and it b<o,

W 15 & sinle. These pr?nciples a@)p[mj to any vector field.

<]/

/ o
5_\

4
éﬁg///C>\;;r“‘ //ﬁ ?® ,//;;:J//ﬂ
div D >0 div D <0 div D=0
fluids flows away fluid moves "towafc\ fluid remains
from a sovrce point a sink pPoint in compressik le

Remember del or’er&{of (3'50 enown as nab)a)

3 =y =2 % T

v = = tt o 42k
AN 0y 0z

the gradient of a siffervtiable finetion f=f )

] W b
'5&"“5 vf _')c_z-l——_'E—j--k—'E—

3




A SRR 'fiel"\ 1S irrotational if Hs cocl is 2ero
U {’\md Ajnamacs J the eurl of the \/6|ch":\‘j UC"EIA }5

called the m) and if It [§ 2ero , the flow s
wrow’:'afcmnal

Cil\{ = i&+ﬁ+§£_

o e pa By
=" ax(P)"r (1>+a_2(r)
T P Tl ) & Zerk
= ki il
= c‘l\(l: = Y2 F diyF = Ve*F
S ™ =
curl F= YXF

EX Find the cvur of Ehe \rec_-l:or fueld

5’—- X cosy 1 + &sm% 3‘ + 2cosSX le
= - =%
— — t J le
e = YRE =1 & B L
XCDS& 3&1‘!1?; 2 CoS X

o l:_--— (2cosx)—-__- (ysinz ]—
i a (zcosx)—-.———(xtz:osg)] J

b2 (goin) + & o)) ¥

[—_O 3605-?;] [-—-%.smx ~= O Jj 1'[0 s X(——sa/}j)]k

)
= =Mecos® L T 2—51/\)(3" -xww
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— =B

i . wl
Ex,,' For \ =31 "le' Fdk , fl‘nd the fo“au/iflj @

gy v YV,
b- c:ur\-\?J
_
— O
g Jiv "'a?“”?ag("")"‘i (5)
=
b~ Fil o
—5 v e
corl V & 5 g 5
OX. "a\_ﬂ 3o
3 —4 s
ot ) —
— 012)- 05? ¥ Ok = O —:_<O/O/ 0

The Laplacian of & funetion h(x1y)2) with continvous
,Fir$+ and second ?ar“—kial dertvatives is sNeﬂ 10\_‘_1

v*h = Ve Vh
= div Vh

= af’ri?ﬂr—@—f)'(%?*%%ﬁi)
2

Lo

Ly hsiher Eie Pl

L'af)face’s e“iUQ'lTion

é Veh=0O

snd any function that satisfies'this equation withi
a region D is termed harmonic in D.

—— et

JWMWW
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| (187,
T Determine h(X:j) = 85 coSX is hamonic or ﬂo—f‘?)

=
—

Y B
hy = — € sinX ["\‘j*‘

— ESCO-S}{\

EL‘B cod X

hyx =
=) hx_x*{“h&\{j - (—aaC—DSX>+<65CO_§X>:
S \n()(n:)) is a hamonic ’f‘wnc%l‘on nd YV h=o0.

|
—
-

Eﬁ- Let —;:<3%/3X%/2X\3>.Ffﬁd ’Hﬂé ‘fo”Oij
e

—
e b diy H
- -3

b- curl H By

I | courl B -

._-—3
@ JdivH = (3 )Jr—3 (3x=) + %(2Xﬂ>
"N — . =5 -[3
e el |, = VxH = _;'__ _?;_ s
X oy 92

Yz 3z 2y
. L_L (2%9)- 2 (:3><%)1 T
[——C2xa)*3— @"‘)]ﬁ‘[a (3 x%)“’“(*’%)]t

[2)(-‘3X3’L [9-3 5]3‘ ”r[:S%—%:[L_
=~%x,"Y, 22> .

\)

—
- diy corl B = div (<—-x,-3,9_&>>
=9 +-2 (y)+ 2 (22)
XCX) 3( ) (

+(—4)+2 =0

—
1
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8  pleine ln%eﬂrals @

.-—"""_'-‘__

The W O'JC f(xfj,2> over a smooth curve
C with parametric equations

x=x(6), y=9) , 2=20£>

'S ai\len loj | . o )
(i 2)ds = lim % F(xE 97 2, )Ase .
C |As|l—0 ¢

For closed curves, the line int ral is of ten written as

Ce

| f f is eontinvous oA C, the lire :“n£ejrak exists .

Sinee C IS smoo'tlf\/ we have

o :\[(x’)2 P9 +E) dt.

Thus, the line intearal 1S

b
jf (xiy,2)ds = f -F(x(f),g(f),%[t)
c 8

&) (9©) (R de.

The line in’cejral over a plecewise smooth curve C,

coMFosac\ of svbares c,,C2,---,%n ., IS the sum of

in-tajra|s over each svbare :
ff(xcj.%)als = ff(x,v:j;%)cls +§'F(x{jl'3)els+--- +f‘F("g,%)dS |
- C{ Co C:n

/‘/W%"—‘-‘_ i
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Ex . Let C be —&he curve Uu'hl'c[n IS the Unien 189

o
O-F two line SQjMM-&S : the -f:‘rs—l* Sejmea-E goe s
rom (1,1) to (5,3), and the second Sejﬂ/{e/l-{: goes

from (5,3) £o (9/1). Compute £he line :‘n—n’:ejral
{ 3dy—dx .

C
{r.om ({)4) to EJL

Parametrization Of segment Cy (with O< + < 1)is
Xp()= 1+4t ;, Y (&)= 1+2¢€,
= dX- o4, d9- 2.
dt dt
x
> 3dy-dx = ) ( -"-\clgj-— >oH: _f(s(z
<y (o) {
= 2d+ = 2
0
Co: frem (5,3) to (94 -
= Xp (£)= BH4t , Yalt)=3-2 (o€ €< 1),
_--> _cil(}_. = L, ,éﬁ.— e
> dt

X ngsaﬂ-—ax f (;gcm acﬁz)ol% =£1(3(-—2)—4)d{

= f (10)dd = =10
0

R TR f3a3-dx+5 B~ R
i
2 = § (—-—-40) = =

)



{%0,
Ex. Evsluate the line ;‘A{:ejral ovel the cyrve C
."__"..--—""

where X= cogt) 3:‘-5?/1{‘ J fo(- 0Lt &£ '21_2': .

/

f@,)(-l?»ﬂ)ols ’
C
dX - —sint , 29 = cost
dt d

= ds=|(@2) (2] (ot ecest)® di = e
f (['x..g\_,]) a8 = 5-% (4cc>8£—-3$|“/l'f:')o|’f:
c

’ Th
= [ 4sint- (-3eest)] |
0

= (ésin@i)"r 3co$@)> “‘(95"/'(@) = 3CDS(0)>
= <£,,(1) + 3.C0)>~<4f(0)+ 3.(4))
= (1-——3 =4 .

B e L T e e e

FroPU'EfGS Of Line [ntejrals -
For a scaler »fw\céfon 'f olé‘qcfnecl on @ P{ece,wf&a

smoo{:b\) orfentakle curve C -

o
| v 'FJ 2 I
o § (a+fa)ds (s m)(ff;,,af>
on C

e it G transversed jn the
reverSe direction

(opfosf'te. direction )
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——— @

Ms +S fds ot f £ def (eibdivision)
C

c=cy U &s U =lden (Cz 4 or\a\%ab]e su)odras>)
wheyre the subares share only fl:helr endpoints.

Line integrals with respect 4o Xy, 2nd 2 e giver by
510(7(':9:%)&% - 5 ’F(X(f)/g(t),%(-&)) /(&) dt
f a(xiy2)dy = § by (x(),9 ), 2() Y dt
§ h(x1y)2) dz = f h(x(£),4&), 2(+) 2'#) dt -

Then , We get 2 line m-EeJr@[ :

CF ougrz) dx +o(xiy 2)dy Hhxig 2)dz |

C

£x. €Evyeslvate the lire 1'AJce&rai f(xclx +tydy-— 2&—2)

—

where the curve C s giver by {:he Pafamw'kr:c equa{\ons

x=t, y=1* , = =+3, gektl.
dx oy du de, 4 = 347
dk Jt d
4 2
—> § (xdx+ydy-2zdz = ((~tdt + 7 2 dt—47 3t2%d1)
C O

{
= [ (Ctde+2t3d4-3£544)

@ 1
(—-f—f-ro.tﬁ-—séf)]
2 4 2

I

2 2 19 2

MWW\



192.
The e lﬂfe\j(‘a) O'F a vector -f.e,[cl
F (x:y,%) = u(xiyy2) ¢ w(x:y,%) 4 +w(x:m%)l¢

caloqg 2 PY@,C@WLSE. smooth orieatable curve C with

'ParaMe,’i:rlc rePres?/H:a{mn

R = x(DF +3(t);y 12k

for sgt&b s defined 2S
— b
g—i;-olpf = § [U(X(‘f);ﬂ(t);%(f))%f\({)‘i(ﬁb(f)}%(t)>S_{_‘_j:
o
x(t), (), 20 42 | dt .
'f’W( /fj / CH::] +

This can be written as
f F+dR = g(uclx pydy+w d2)

= { F (Rw) - R4t -

T PR

We lkaow 4R = R/(t)dt , +then
( Fodr = ¢ F(R) s RO

e &L
_ §'°F (rw)) » B |[R'o)]] 4+
5 | R/

(° F(rRw)e T IR@I 4+
o



#@g_-_ Evslvate the line l‘m‘:ejral over the cyrve C :

e _
x=& eas(2t) ) Y= e sh(at), te[o, T,

§(x+y*)ds.
C
X?_'i-\j" = E?,—{: cos (2_-[;)] l+[e"'t s'n (9_{-)] .

e 2t cos?(2t) t € 2t cin?(2t)

—

= et [ear@n s (20)]
=1

= M dX = «ae‘é:o&@_%)“zejgm@f)
- oH:
Io =@ )T ) - etony-2en)

.‘i‘i‘ =l sln(zt)fle co&(@b}

d‘d = e"f( S:A(?.Jc)i-ZCOS(Zf))
dt

91_55_.5 2. e Zf( cos(2£) — 281 (2&:))

if:)g L g cat’BH) T 4 sin(2t) €08 (2t) s in®(2t)
2)? =

°l —2& oA (2_4:)-1— 2 cal (2«&)) <

) sin2(24) 451!\(?:@ cos (2¢) + 4 cos?(2%)

mmt”\ “2'*(1+_w)a-t* (e Tdt
c;Jc d-b

2+ 'EA ‘"3‘1’.’6!_&
z)S(xﬁdl)JS-'f tett.Ge *Bg ¢

i3 5 /s, _am,
g oo (.

e
—




EL A wire has the \Shaf)e o,f the curve
X=sit, Y= cost , ==t L& ],
The wire has a c!ede{\»J fone tion S(X;\g,%):x’lqugz
at each Pof/}"!: (ng,%)rb\)ha{ iy the Mass Of %hem?

To -]E\‘ncl the Mass, we Nee d to calev|ate the line

inlcejral m = Cfg(x:j,%)chs -:cfg 4(%)1 + ,j_‘%yq—@%)i dt .

=) dX _ cort , d9 = -sint .d&%:ﬂ,

dt ot

=) M= S-B ds = 571.65’(!\2‘{: TCQEQ"I:'*{Z)QCco&'l?)l't“(-sffl't)?"'{ dt
c 0

= fTr(’IH:"‘) Vo Jd+

g K
T T -_
m = \(E (.{:‘fﬁ)[ w E (WT? > ) c:li'.&i)]-acam{-
N S 0] T Tt ~ /K
—
Line fn%e\sra'{:ion IS crucial in comf)u-};mj wof[,,) (u): = D)
the -force "Fie & i Uaria[o]e . For an O'Oj'&c{

eSfeGia“ﬁ w hen , o
a curve & J P@f&ﬂﬁ'trl%eci bd R[’t) J the werle

moving alon

O\o 3;5 S?)M of force coptribvtions slong small Sejmem—&s
e .

Jn curve - BY partiioning the curve jnto svhbdivisions
e -

+he Lotal Worl is calevulated as the line m%e\c)m\ of the

fforce fFiz |d aloﬂﬁ C. ==
The work W done by & continuovs force freld F
~urve. C IS defined l:zj +he line fn-(:ejrﬂ

- 2 5 = il
W = fF'TcLs 3 $T=3—§=;R-\°&sﬁfgg

where T determines the vt anjm’c vector on C.
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e dIR

W:_gf?-:[iols :f?-ﬁzejs—;fﬁ
e B S

wolle f:;;,t —]5): Posi’cfon vectorl .

€ (F:fOM the +ex t+book )

s e ld
%heﬂfﬁ{,{ﬁ, done 10\\:1 the -Jcofce, —F.e
?=32?+2(x+1)§° |
'froM (2;0) to (O)f[) 8'0A3 the e”:rosi
(9—;0) a]oﬁj the line

calevlate

n obj—ec't‘ move S

as o
nd then lback to

Xl‘f'll\jl-‘:Q/
sejmen%- ) Ulee s shiect,
|.f - represe

elljptical curve

y =2cost , 3:513“"& y
; —R_': — <.2C'l95‘bj S fﬂ'f: >
(0”) g Y SR <—-2.Sfﬂ't) Co.S-‘I:>

< -EGEOJ%]-

R{ =
= 1
uu,:f e ey
=

o UJ{ = f'n'/l E(S{{\‘t)l- C-—-—ZSM'&) + 2 (2(.:05"& ‘f’i) SIA 1‘:(:0\3‘{:)

_ (ke F(R ) - RiWE

©

(09) (2/0)
]cl%

0 _
7 ffﬂl (,_251‘/1?‘--]: + Leos®t sint +2sint cos 4:) d-+

—
—

OST”Z (_251“‘,"2_& + 4 co\g"‘{ + ,?_co.s—!:_) St d4

-;-Tr/z (_2(1_{“1’&) +4Cps L4 2:0.3%) Sl\/\‘[:c)"f

—
—

Ofﬂ/l(6c:osl-(: + 2 cast —-2.) sint d+

0

I



0 A U=cost ’ N’
2 : | |
1
t=0 = uv=/1

{
= | (e 2u-2)au L= =) U=0
0 %

{
= (\6_‘12__3+ Y x— 20)([)

sy r(r-20) =4
= 2t ,y=1-t te[op]-

—
—

=Y \Mz:‘_S— E).AE
C2

(T Greyr @)+ 2 () (1-R) €O
i+ 22O

0 3 {,.[:7-,_2+2‘i:)]<:|-1[:
i 2_4{_.‘,2{_2)-}-(&%"‘
It

= { 412(?2 (&) * Ry (€) d4
(0]

i

1\

i\

Ll

_ ¢ § -t
o { _
el el E A e
-3 5. § —ry e o
o Fo.dR = F'OIR,( 'I‘S FedRy
w.—_ﬁ (g-/“‘ﬁ"'ﬁ €2 \
= 1 o) ("‘1)

T he worle done by 3 ferce 5“[‘3"3\(
=) el = any cloc;eal Pfa%lq JIS 0, mclic'a_%ms J
thot the werle is conServative.




{ N\
433 The Fundamertsl Theorem and Path Mcle,og;clgnc@

* --) _-b
A line in-l:e\jra) f FeedR s Independent o ath
c
in o reJ\’on i—f its valve Is the same for all JDaJchs

between twe points.
Fej{a/\

en APDM ts
ilh o-f the
cuUrves

The funéamen—ﬁal theorem D-F coleuluy states that
for @ continvous —func{-mn £, j FOOdX = F()-F(),
where T is @n antiderivative o—f —f

For -fmc'tl'ms o-F tweo or three variables , the a/IaJoSue

is the gradient.
The -chlamen-f:al theorem for the line m%%rals states

thet I‘F E Ll then _— )7’\"&1_._
—5 — ) = b
é(F. AR = f(B)— £(A) g 5 S %

where A and B are the e-ﬂclPoin‘ES O]C the cowrve C.

(FdE =5 v 0%
ol C
W

Mw_v\/\—’\_/—\
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Ex - Comrurte. the line i‘a'[:%jra\ g_[;, cﬁz} where
f;: V(excon—X52~33> an d é is +he Pa%h Jf\re/\ b\\j
?(-t) ={ t?cos (‘Jl"t) g = BN (7T~b>> for‘ —te[o/[( .

f(xiy) = ecosy- xy*-3y ,

'FJC = _agfg = e_xc:oskj—-:jz

_ 3 _ —eXsiy-2Xxy -3
Ty '543 J
=D V'f:<‘FX/]C\‘j>
= <6xc:p\5\‘j—-‘gj2/ "'exsffl\j—"ix\lj—'3>
?: Vf = < eXcosy -yt —e X siny- 2Ryl 2
; R () =<2 +) —2sin (ML) > -
The path C s given by R () = CtPeos(mt)
'ﬂwﬁ/ at. ' E=0 ?(0): <0,02
st =1, Tf("): <"‘/O> ‘

\p A= (00): f(00)= eSeesle)=00* =30 =4
— 5 2 ‘
Ay B (o) ¢ f(—-l,o):e 1eos(o) - (-1).0 ~-3.0= =

) -f:-):—' Vf , we can vse +the —fundaMeA—(:al theorem

of line :'f\%e\jrals , which states that
( Falk = F(R)~F(A)
R = £(-10)-fF(®0)

T e

MM
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=3
A vector field F is considered conservative in a region D
|f Lhere exists @ scalar —Jou/\c{ion -F sveh that

—

==V
In D. The function —f is referred to &s the Mi{al
Df ? in D. -
The term ‘\M’ Orf\jinaées ffrom P"\J\Sfc.s

and is associated with +the law o consSer Vation 0f

eﬂergn:) ;
——— w

————

(i \ferl{:j that +the Vec{or 'Fl&'c]

F (uy) = g Croxys
s scalar Po-ta/}tla| -j:(ij)

Conservative \fector Fields

's conservative aand »]Cmo\
—
T he vecter f.‘e_ d F can be written as

Flry)= wlrg) 2 ¢ M%) F

=) U(XI':)): \52
\/[x,.ﬂ): 9.)(3.
a\? ]::) UJ:Vx:-Qj
o Bwlxy) o
V X 5% J

V-f: <’FX/‘F5> :<53/ 2.)(57 —

—y F is conservative .

—

\/'\—/_\—"\NVVM,—\/—\_,W
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(2o0)

To determine if a Vecter fielcl i;) IS conservative |
wWe Use & Simple criterion for a region D in the plane
with +wo properties :

{) Any two ponts A a1d B in D can be connec-ted

by & Piece—wx'.Se-SMooJch cvrve within D-
2) Evey _losed curve in D surrounds only points thaet
are also withn D.

A reglon meetiny (1) is referred o 3s comected , and if it
adheres o condition (2), it is ltnown as sfm)altj

'+ has no holes.

O, e

e —

also

A Fegion without 1Y holes
bnown as simply conected.

A connected re@[on that contains
cne of Mmore holes , maling it

no+t SiMP[nj connected.

- o T N——

A region +hat is dfsconnec.%ecl/,

c:onsis-l:i‘n\«j o—f Seperate parts.
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—— e ~

- & . . 2014
A ‘J&C'L‘Or’ -fle,lC\ F(X’ﬂ) = u(-x’3> 7/ Fv Cxi‘\‘j) :];) -
conServative in an open, 5"“”‘}”\‘_’] connected rleon D

if and Onlﬂ {]C QU _ 2V holds e\fef\jwhefe in D«
oY o X
v/_\/_v,——\_/’/\—/N/’v_R_E_ﬁf_m#
£x. Verify that the vector field
T -{;” "(2)( S e 8 X\‘j>—-") (xg XY, 9 )‘_5
(le)-— e +X\-je, 14 T e "t <Y)TJ

is conservative, and ffnel a scalsr Po-{:an'tie,l function

Jf(x[j) for ?(mg).
he veckor field F is given by
Flry) = vag) € 1 (x9)F

where
U [X:ﬂ): 'Q.Xextj *'X.Q& €x‘(j

v (x1y) = x3e*r2y
2 XY 3 XB) + 0 =3X% X8 L, 5 %M
L .%

=y Uy=Vx &SFs conservative => F =Vf

=) E(Klﬂ) = Vf(x:g) = <1CX J'F3>

Po= axeddrxty e’ o fouy)=faxd Uy dx
or

'Fb i X3Q,X3 1*_9.5 => ‘F(x"\ﬂ):S(xS&?—Klﬂi‘zj)Aj ]

S 3
£ ai9)= 5("36 Ir2y)dy = % X9+ y2 + h(x) =X %y +h(x)
g = XM pxty (0 = 2xey xyeXd (R

Shi=0 = hix)=c => flum)=xeMry?+0 ¥
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— _'_) ‘_“"-.._._-'_‘*-_.-f""

£ US%VX , thea F is not conservative .

Theorexniln a Siml:j connec—f:ecl region D of R 3 : If -qu

»f:elcl F and cur\F are c:on-l:muous ; £hen F
if and only if curl F=0.

vector

is conser Vative

A vector field F(ij) <u(x,j)/v’(x;j)> in IB.%
e elended 48 Y 88 L) w0 EE
i'ls cocl iS¢

CorlB = VXZ: < 0,0, Nx-Uy > .
Then, Theoren 1 becomes the cross- )oafr{::a)s test :
Vy = Uy c=> corlG =0

—_—
W’/II'C,/\ c;onf{rms F is conServa'{:N& -

VFJ\/,\/_\/NM
EX- Ve,rf—fj whether the vector f:'elol

—
E(xiy)2) = =L 2xy3=21 3x231%.‘f 4xty323 >
is consecvative in R3.If it (s, find a scalar podential
'ﬁmC’E'Oﬂ ¢(th;%) svch that V’gﬁ F
For <PQ;K>,where
P= *P[x;j,%)_ Q_X:js%"
§=g(xiH2) = 3KY >z,

R = K(le;%)" yxtyie?,
the curl of F- Is e el
— R e o ®
Vel = | .9y 3y 3 ﬂ ?ax’ﬁ
Po<im i X




Ee3)

Com)ou—te each canloonm"ﬁ :
i

: : | %o Ty T 250
tttpotert & By =@y = 12)&&’23#1;;&3%2 2)
: - 353 _ & =
T~ componen t - Pa— Ry = 8 Xy = I =

o8 62 = Pa = - ey 7—%4 = ) ;

To fnd ¢, solve 7o =F.
= U¢:<¢X)¢a.; Pz > :<1C1)f2f1c3>

- (Ox= £ Py = lxﬂi%t
=> Qsj:: -F'z. = @‘ﬂ/: "’xr_ _?,F;_
an""ﬁ T L
354 .
= ‘?(er%)’-‘“g(ﬂﬂg%“)c‘x = Rigtetehing)
' e L L
5 e {2y eI M

= Bxtetalein
(P _sz'l\‘j?.%bl = 33X Y= 5

,_) al’\ =) = h (31%): 3(%) :

Y e a
7.8 28
=D _?_S‘L:%(xy*%"—l-_@g)- 4%y e gy
I —
1,3,3,. 338 =399 -
= __*g¢ weipytlad = ey SR =
z Sy

=) 8(%): L (G_—:cons{aq-l;) =) é(x;:»,,%) 5 Xl\j"'%‘% 0

_—



E’_)_(__-___ Find & FoJccn—f:Tal func:%:t'ozx for the vector 'fl'elcl

=
F (xiy,2)= <2X605J-—2%3)3+2& e%-—x?"sinj ,9%= 6X 2" >.

_ e
Ex. Evaluate ( F.dR , where
C

= = < ax3yi+x 2X933+3> 5
and curve C s given by E)C't)=<'tc05(ﬂ~(:)) 5f?1(?_2:§>>)
tef[o],tEIR.
e h ol e e e, e
|ndependence of Path

The line l'n'[:e(jra\ f |—=—3. ;E 1S P'&'{:}/I'—’F/]C\@?@’}Aen'l:‘
in a reﬁion D if, ]Cop %n\«j two j)m‘n-&s A and B in DJ,
+the anejral slong  any smooth curve betweea them

3Nes the same result.
't e o S S T

_._,..4-"’—"—'—'"".._--_‘_—.’—__ -—.\)
For a coﬂ'{:fﬂdous V@C‘{:Or '?I.e/lcl F on an o}Qen P

eoniekEd set Dy the )C"“"Wf"j are equivaleat :

-
1— E (s cohsServative * F=Uf for Some f-
oy S ;AE’ =0 «fo(‘ A\l closed curves in D.

c- g;’.dﬁa depends onb on the endpeints of C.
C
——'-__M
R Let F be conservative in D,

b-—- § F:“ AQ :ﬂ aﬁd C b.e_ a'\5 clo_&e& curVe.

@ L= whose inderior iy in D .Tha,
LD -, o

- Ccut c st R=Q , tlen

Wer D §F.aR = SRR = F(8)-f(R)=0.
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W

Remember 13.3 (w% 208,
—")

[f the vectol fa’eld F=C F,fR> Is conservative

or FF-—l:<u,v>
i L U\‘j = Ny {

F‘l\j: FQ_X
"F conSeF\(a{f\fe ‘flh/lcl _F—: b:j Saiuf/tg
F= (Rdx +al) .
-
F =

SFZ_ cl\tj + h(x) -

5
ln ,3D3 F:(XIU;Q:) = <F{/ FQ_/F&>
P -
S P T
43-—I:><5 B
T = Fx {% (——’QZFX% \ F{:j‘_ Fax 3
F?_::F'—j‘), Fax = Fyx ﬁi’:{:?x 3
a% Pan s Ten Flz:{::t .
Fi = [:%a< Fax = Fax ~

ﬁ

e ; P {FRy-fas)n

NAES O sl o by 00 |7 L e .

x—tiz )7

e e

+(F’—x_ﬁd>l’—

£ = =L g, 06>
T‘X::[:i ‘and F=)FRdx 19 (4,2)
Fo =F2 = _};: SFZ J3+h(x;%)

F’E:F.S -



a -_:> -2 \
EX E = <20X32 +232/ bXy 5x9432%> ”~

S i
=y -5 —
F s conservative (=>VxF = 0 =<0,0,0>
I’y = -2
E : & (0"0)1

Y& = 5, ¥y o2
20X 2+23 4Xy SX 11322

—(2ox3—2ax )J
T+ (4‘:] ég)lc
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. Qo?)

EX. tvaluate F . di
- (©

g3
F(mj) <(2x X J)e +{QA3/3 == % ><:1>

@y  on €||ffSe_ 9X1+432-——36
5 R(t)= Cereos(mt) e tsinT)> , octed.

- . : r
R X conservVative -

W

iy
C:elljpse cl F.drR =

et

\

—
gy A= R(0)=C0/0p
&:Ti(.,): <12cosﬁ/e‘45f/&ﬂ'>:<*{/0>

= )* YA curve 5 3
o

<l /\]Yha = O<c tc A
\ X=—+ —
B \LA S X Rz({?):<_'&/o>
* —
=1 Ga R2/(k) = <-1,0>.
— f -3
| S = CF-af = §F(eo) R 4t
Cl €2 : 'é_'

-—f <2("{') 0)e® +4an (o)/_--> - f/o> sl

= §42-é J+ = “52!

O




13.4 Green ‘s Theerem @
08

Gree/k}s —Elfaeorem relates the e J‘/‘l-éelj/‘a]
pver @ St'm[ole closed curve C to the dovble ;“nfedral
over & plae r‘ea:'on_!hl)% bovnded by C.

g1

A f"éi_ﬁior'l

o

The fdndamen%a\ + heo rem O-F Calevlus states
Cb Er0dx = Flb)-F ().
2

milorly in Seetion 18.3,
§ V-8 = £@)-F(R)
5 =fRw) - f(#() -

We will see an analaaue. to the fmdamental Lheorem

O-F colevlus named Green’s theorem .

Jocdsn curve @ A cloted, fon=self-interseeting curve C.

T~ —

a j_ofc:l&h clrve
= |
not & Jordan curve |
I'|I #;__,“’.'..“
\_// A wrsecfina cuorve C.




209)
Green's Theorem (2 DJ

|f“ —F—):< F4/F2> 'S & vector JCIe ld o!e{r‘necf on a
SMP'ﬂ connected f'ejfon D bounded lo\tj a Posf—éfue{j
or[e/]fl:'ec[, jorclan curve C ) T hen

8
M -_—

checli Green’s theorem 1§ correet for

&, d g

I Uit %
ui - 5 ofiihus bghia
c S F=<-ysx> —EL S X
dg =<dx, dy> | 2

cp: Ry(t)=Ceost,siat > Octlrr
Byl () = sinbyoadt >

Cqv Rgltys Chw0 . vk £
P—zf({.‘): <4;O>



2
= y <-5|‘/z%,cos{> » {sint ycost >d t

USiﬂﬁ Green ’s theorem

gf (Ff’—x’ﬁg) dA = gfﬁ'("f)]ciﬁc
D D

240



QQ:‘V\QNk lo.er E —_
211

{2

_—3. — == ==\
W’L—ﬂﬁ :g Fll)) R dt @
=5 £ ¥

N W Mﬁhé:?(q)f\c(f’) _
SF e d T {l’_;—‘—‘— vf 3
= %\ _
3 =z gCCsz—F*\-j) d f @

D Q&_rw ‘s thm in 2D.
TR st .
E__)f,l.:f Find the wol doe on s Olojec.'f.'
: MmOV ing c;(onﬁ C in the ]Qo/“ca —lcfél ld -
- = Xu 2 -
Py = tXgr, 2(ymytsing) >
conkiavovs, d ff‘g' F . F
on D- 2°
(o)1) C=<cUC U Cy
CJZ X= \9_:-.,5;“M'0)\\j CONL@C—‘-CCJ
S FeaﬂrO/\ wit
(00) > positively

ol eA-lGLJ lr_‘:ou/léa/—j

S L]



D
- /(S- 2X 4 oA
B g
::Q-E- f X& c:JJolX
xz0 Y=X*
4 Y2 Y=1 1x
_ Q_; X—-z-\g;xz
4 ) M c[
= Q,g,g_@) (x*)*)

bopes KDL S
il TR -
g T

212
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UJ@ can Ule (oreen ’S "éké,cpfg_,\/\ IN/] bor{'h W&jﬁ

Cof\s(o\ef ftl/le —Hﬂfae ve ctor -Ffe lds
Ly, %y, Zy,0> , <O, X >.

Zacl ojc Lhem holds
B =Ty =1
Thgn/ ]Dof NY SJ"MJ:))& conag cted domain D

boW\A@A b\_‘j ’b)/le' Posr'ﬁ\(€,lj Ori@n’llf@cl :.J—Ofcfm culrve
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. 2“{-‘
We can UJ(‘\":&,

Weea (D) = ji § (xdj~jéx) :;ff d A
D

C
e R P A R i
/ T
‘PI'DD‘f' Let F(X‘j): <"3/>(>
A ¥4
centinvovs /j di ﬁ@’ rertia b/e
on D,

then we €2 afFB Green's thearen .

...,-> @(—-wxmc{&) ?@F AK

=4 1%

Sf( (-2, (1)) dA
§ - o)en
D

=9 5§ dA
= A

(JX dy >

=) R- _,"[2..’_ é (-9 c\x+><35 3

C



EX -

Find the area 07[ the e“fyode
f;’th Semiaxis & and b centere d ot the

b Y ¢ I
o1 qin- b i emEn

Aree D) = §4.d70\ 44};:))(
- A

i

@ L L=y /x> dE R(e)=Gemt psint>
.:_—-4:2- HE’[&):GQS;‘A t, b@:.s%>
¢ F(Re) rl)d
1=+
21

= L Cbsint acest - Casint oet

)

\\

’-aé-fcol-f: dt
Lob § (Enmtent)

\}

L akb @?)\L
2 (o)

\

\&«Tea(b) =T ak:.
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Note - HC C s ﬂeﬁa%iu@\j Oliente d 4

—

4hen m— _
? P A = - %@{ R,)4A
<F1/FZ>
Ca e e R
£y Find :f?)' d ,where
= c.

P () = LR, —amsys Xy 4 x>
and C iy the closed plecewise L ve
defred by the pesibive are of the
Paraloola 3:(—%7’ and the X—aXt$
Leansversed clockwise.

= s M orien e d

& Poar=S(F, Rk

C D A\




)
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Geeen's theoream extends 4o rejz'oas

with holes J.o\-j c“\lfclfnj the FEtho/l Nto Sn‘M,olj

Connec ted Sy brleans.

k-
C"c&\fxt \
one hol
flee el . aouuj .
| F-srR> e
on R Multiply— connected refion <

5g( o=y ) - ff () dA *ff@o’f*

\ornﬁf‘j g(ﬁ“*ﬁflj) +§G—T AX’er.Jj)
Cr C,]

The lire mhﬁra\s aloﬂﬂ A-R and Cc-D carcel
ikh those along B-A and D-C | ]eg\,;ﬂg only

-{;he bouz\o\BFﬂ lhf\‘t'eﬁ(‘@ls ;fcmﬂ - ’aAA T P
: = Fdxt Fody ) + & FrdXafz dy.
5§ (Ryiph= (i Fi] 1 3 Y

R
RN N RIS O s e et e
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£x- @/
—fgl/low that the line iﬂ{«‘-’jra‘

8 f;?{\{j)
- d — \ 9)
§ ( gdx+ X449, L /
= N Xsz'j’}-/
s @ SiM[aléL closed curve enc (OéiAj

\)

where C
the origin (0,0) .

Fy (X:j) . ﬁg; o FalXiy) ;(2+:)1

Using Green s theorem -

2 G5 (F,-Ry)dA= §(Fuaneeds) = § (RdxTbiin
'3 C <t

3 region R with ote hole

'__@__, o, >._: L_(il’r\:)l)—x.?_)(: v’l__,xl
% - % )('*—»f:)"f C)(me)l sz_rcjz)z




(le‘*ﬁj @
gg 0. c(A =, g—yéwxela__é gdx¥dy |
)('*J 5(%;71/

Parametrization =&y («Efaﬂs\m@ecl com»{:efc,{ockwue):

Y;rcob@ =) dX = —sing do _TE
:j—;r'Sif\ © =} c;:j: roode d O E - =

21
- § -9 cJ)ij)( dy _ § _ ,——sm@C—rsme)-}—rcojfaé*ng{e
o O r?-CSfd?‘Q'f'C.QJz@)
2
= 5 1. d6e =27 -

o

e l:f/,of
= §F’ F § i Bl o (motcra@ciw
ol = <o1ﬂ PaH/\

N R



Erhan Güler
Kurşun Kalem


A”EG-’/IB%@, +wo ff:ofms ' Gfé.@ﬂ/j é@rw 224
Lhot ererslize to RS

—

@ -f;):-"- <F1/. FZ_> 7 E: F(x{j) 4
-

= CUF{T’—? = 'Z’ j “ —,é-—
. By\ aj 6% éb}(“’ o X
e =B

:::.:<O) O, sz"ﬁg> g it .
_ - '_/ vec 1ol

— O?*f@j-j*f(szfﬁj)b' in the
= 2-direction

SJ‘(CU[-I F o E) CJY% ;

uanrﬂL-“, "71731

__/ \fec+5‘

gjéur | _f;j' _‘2)& Av

b ——

Ths .FOFM. Gere alizes o Stoke 's thearen

fc swrfaces n 1R3. (see sechion 13.6)



- - —

@ # sl F,Fz 2
S Ac leﬂj%h wa%er
Ris)= €x(s), y(s)7

\‘Posi-‘rfm vector on C .

L urit pomal
T = # (s)= &%, 906) > . ey
W e L) g RS
6(&2’\/5 > b
§ F.N ds = g CR, >« YO, ~xE)ds
3 Jy d X
s ds
= (°fF J6)-R K] ds
o
5 §;‘.,-345_# §(_..FZA><+F44:1)
G
(§ (364 22 dxyy (oreen)
B 0
D P
=N =3 kS c[fo\
x § E. N ds= Sg div
D
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Gr@m’S {?Lleorém IS a P/;'ac:) to +he noemasl
SIM o]C s scalar tunction —f/
Wh;c'xl IS 'flfl@ A?(‘e&—&iaﬂé}] derivative N the

=3
Céire,c'tiof’\ O’f 4lhe ot+tward nomal vector N -

3 g N
3= 7f - N

T PR

e
Spum) that for* a scalar —Fdnc'l:ioa ']C

ud'\%\/\ sealiag od s ?ar-&ia) decivatives in &
|j c_:o/\nec,%eci r‘—’—jio/\ D bouncle,cl bj cprve CJ

" dy = o
S wfaxdy=§ Spds.

A o

Faxtfyy V Tl
Cf’aﬂoladm of 'Ic) (nomﬁl clvi\/a%}\/e>

SiMP

Let
U""“’{j i e 4

=) sz ”'?xer'thl’)
= o\ e U‘9
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= S v’ dxdy = §( (v, =0y ) dxdy
x D

-_—
—

§ (vdxrvdy) (Green)
-

§ @x‘(s) by y'©))ds

-

% f% -4y x’(s)’rfiﬂ/(s)l&g

= § [ 9O -1y x/() ] d $
C
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185 Surfaoe ln 'Ee,j rals

us

For a sur{ac-@ S c\Qmee,cl bj 2“rf(x;5)) wi th

[ane and a continvov s

FFOJecboA D on £the X\‘j P ,
function S(X:j,%) on YCIR®, tlxxe_sur*]cace m—tejral 0{3

over S is gver by

M _§f_—3@'j)ﬂxlj))\1ﬁ§+(fj) H M .
Y. —
ln 412.4 ¢

e L §f 4= SR

réfa

2 e =
s S(Xlgjff()(lu)) h V




—

26 /:'

fj‘_,.' tvalvate gf >tls , where S s tha

upper hemisphere 2=\4-x*y? -

glayg)=2* f (xey) = \ 4-x=9>

ds :\I\H@x)?ﬂr (f4)*
? m(’%)z* 2)° 2= -é ==

il = y

= ‘ .4 },/‘[-—L - Yy == Hl

27 =y Fa = 7
M im\n\fcié— ali{{@'e/l’!'l,¥sl




- R

\lé X—j

Sg 2N 4-x*=y* dA
D
U= 4—r*

=T 5 S ‘U; e (—Zr‘) A B e e
- “'Sﬁclu

b

octant -
Flay)=1=%X"9

£o=-)

fy=-1
r/’)—/\—
AR e e




gty e )
= X+ 2& +

) Sfﬁ(xﬂl%) dS :S-fj (X/g,f(X:j)) Vme} A
D

— Sf (x+23+1)ﬁ d A
D

—
—

K 5t@*x2)+(4~x)2] o X
=3 ;4(1——)6’11»(—27&-1—)(")&(
=3 ;‘@.—-zxjolx

= @sz-—xv—)y

-G ()
=



-

An orientable sSutace 1§ o Svf—faca

where S possible, +to make a ceonsisten choice

fp( the sur]oace, nomal vector.

< 'r

3
ﬁf/omeﬂ-&able Sufﬁ_xce Nopn-ocientable

Suf ace
Mobids Strip

Let F()(l:j,?:) be a vector §5e|cl in Ve,

Let S be an orientable \sur—-f\ace inside V WiH/;

onit nomal N - Then, the flux integral of F s

s iven S_YFJS"Sfr Nds

éca[a,r‘ rquC'Han afd’ef\
J&xy12)
J§ S1 is @ surface with ojaposi{e orientation

Fesj:e,c—f: to S

S’g{: AS ‘_,ng: N{a[S
§§F (W) ds =5 F-ds

—

)

/
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Let F)(x;y,%) be a vector freld -
?n \f C “Q"l‘ Le-l: \S A&f?ﬂ@c‘ bj = -F(X:y)
be a svrface in \/ or;e/l-éecl

for (x19) in D,
E}&fg—é‘—fhen,%ha flux m{:ejra} of F
Lhrovgh S s determined by W}«
§( Fds = Sf? {iijw .
S ill | Y
= S_E‘ l"(mmf(x;tj))'r< fxi F3/1>Wa&d
\[*Qx) +(f‘3)2 -3

:5/( ;CX!‘:JJ‘F(X'&)) " <“FX/_{1)1> dA (
D ,.I

(5§ & ds
S

l_—__’_t____,______._
| i e

If s is oriendted DIOWOW@/C‘
Y’SY/F e dS = SY F(x'ﬂxf(x“j)) <fx /¥3/’4>3
S



231

ex:

/

tvaluate S§<3X125,?—“>"-o|8 )
S

where S is the per-tion of 2x-2yt+ 2=5 sastde
+the C:]\f/\cler X2+31:4 orente d udsu/.aaral.

g - 5-2xt 2

B,
:JEX:’?— } &= 'FXJ*’F:’J/{>
'j ::<9./—2/[>

=5 ?(ijszx!ﬂ)): Caxyay, B-IXE2q 2
=) S-f Pl e S,( <W>' <2,-2,1> A
\\

\S = i
F (xry,f (uy)) d3S

= S/(Cex—@ﬁ—-?—mzﬂ) d A
D
2 S‘f(qX-—Zj-rS) dA
D 4
: Szfr g@r@je _Q_rs{/l9>rclr49+5jﬂcjpr
D

=0 =)

e , 3!
___,5 (40059——2_81/\9>%L cl@‘}'sg/qolﬂ
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2.32.

4 (48146*9~coa6)} +5§f {dA

j lo-gl £20l) +55U d

i

|

= 5 15 A
D
= 5 Pcrea([))
= B (P\re,a O’JC cirele Wi th rai!%&(j)ﬂf)
> ((F.as= ST
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13.6 Stoles Theorem 233 )

—

N
C}-,\D Let S be an ollente d surface

whose bou/xclarj s the curve C
D

rlente d . —
Ufhe,n -qu '&&lUMb Ppl‘/l'&s @ < @C@ochMj to 71 .

: " e
in the direction 010 a , S A /\
+he f:‘/}je_rs cur|l N 4 he (21 )</ \

g 75
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